Abstract. We consider the class V d n+1 of dicritic germs of holomorphic vector fields in (C 2 , 0) with vanishing n-jet at the origin, n 1, and their generated foliations. Earlier we proved that under some genericity assumptions, the formal equivalence of two germs implies their analytic equivalence and formal normal forms of germs in V d n+1 were given. In this work we give analytic normal forms of generic germs of dicritic foliations of V d n+1 .
Introduction
The problem of the analytic classification of germs of holomorphic vector fields goes back to Poincaré and it depends, in the generic situation, on the eigenvalues of the linear part of the vector field at its singular point. It is well known, that the analytic and formal classification of holomorphic vector fields at generic singular points coincides (see [Ar] ). The failure of the genericity assumptions (in the case of saddle resonant and saddle node singularities, for example) leads to a relatively simple formal classification which differs from the analytic one: the analytic classification has functional moduli (see [Br] , [VG] , [VM] , [Te] ). The same happens for orbital equivalence (analytic and formal) of holomorphic vector fields (see [MR2] , [MR1] , [Il2] and [Il1] ), and for mappings (see [Ar] , [Il2] , [É] , [Vo1] ).
In more degenerated cases such as the degenerated non dicritical vector fields [Vo2] even the formal orbital classification becomes rather complicated: functional moduli arise. The same happens for the nilpotent vector fields [Ta1] , [EISV] , [Lo1] , [SŻ1] . Surprisingly, it is in these complicated cases, where the rigidity takes place: analytic and formal classifications coincide again (for the nilpotent case see [Ta1] , [M] , [CM] , [EISV] , [Lo1] , [SŻ1] ; for the orbital analytic classification of nondicritical degenerated germs of vector fields see [Vo2] , and [ORV1] for the classical (non orbital) classification).
The same phenomenon of rigidity (formal equivalence implies analytic one) was obtained for generic dicritic degenerated germs (for the orbital and classical cases) in [ORV2] . There, rather simple formal normal forms for such germs were also constructed, and even their analytic orbital classification was obtained. This classification was given in terms of some geometric invariants together with some formal invariants. However, the question on the analyticity of the formal normal forms constructed in [ORV2] stayed open. A similar situation appeared, at the time, for germs with nilpotent linear part. Namely, for such germs simple formal normal forms were given (the so-called "Takens normal form") [Ta2] , and the property of rigidity was also proved [CM] . However, the analyticity of Takens normal form stayed as an open question for a long period of time. Recently, two different proofs of the analyticity of the Takens normal forms (chosen in an appropriate way) were obtained: the direct proof ofŻo la¬dek-Stróżyna [SŻ2] , and the brilliant proof of Loray [Lo2] , [Lo4] using surgery of manifolds.
In this work we use the highly inspiring method of Loray [Lo4] to give an answer to the analyticity of the formal normal forms constructed in [ORV2] : in the simplest case (n = 1, where n is the number of singular irreducible separatrices) we obtain the analyticity of the corresponding formal normal form as it was given in [ORV2] . For the case n > 1, the use of the method in [Lo2] allows only to transform the corresponding germ to a "quasipolynomial" normal form of a wider class than the formal normal form obtained in [ORV2] . Therefore, in this case the analyticity of the formal normal forms of [ORV2] still remains an open question.
Basic Notations, Preliminary and Main Statements
2.1. Notations. 1. We denote by V the set of germs of holomorphic vector fields with isolated singularity at the origin.
2. Given v ∈ V, we denote by F v the germ of foliation generated by v. 3. The foliations F v , F w generated by the germs of vector fields v, w ∈ V, respectively, are called analytically (formally) equivalent if there exist an analytic (formal) change of coordinates H : (C 2 , (0, 0)) → (C 2 , (0, 0)) and an analytic function (formal series) K : (C 2 , (0, 0)) → C * , (K(0, 0) = 0) such that H * v = K · (w • H). In other words, if l v,(x,y) denotes the leaf through (x, y) of the foliation F v then l w,H(x,y) = H (l v,(x,y) ). If the foliations F v , F w are analytically (formally) equivalent we say that the vector fields v, w are analytically (formally) orbitally equivalent. If the linear part of the germ H is the identity and K(0, 0) = 1 then we say that the vector fields v, w (the foliations F v , F w ) are strictly orbitally equivalent (strictly equivalent).
4. Let V n+1 denote the subset of V of holomorphic germs of vector fields with zero n-jet and non zero (n + 1)-jet. 
where P and Q are holomorphic functions and P m , Q m are homogeneous polynomials in (x, y) of degree m, m n + 1, corresponding to the terms of order m of its Taylor expansion at the origin, such that satisfies the identity
of holomorphic germs v of the form (2.1) such that the polynomial R = gcd(P n+1 , Q n+1 ) (gcd = greatest common divisor), has only simple factors all of them different from x or y and has no common factors with the polynomial xQ n+2 − yP n+2 . The elements of V d,gen n+1 are called generic dicritic germs. A geometric description of our generic family is given in the next remarks and in Section 3.3.
Remark 2.1. It is easy to verify (see Section 3.3 or [ORV2] ) that a nice blow up of a generic germ v of V d,gen n+1 consists of exactly one σ-process. All the leaves (except n "singular" leaves) of the corresponding blown-up foliationF v intersect the pasted sphere L v ∼ CP 1 transversally (see Fig. 2) ; the "singular" leaves have simple tangencies with the sphere L v . The projection of the "singular" leaves to (C 2 , (0, 0)) will be called "singular separatrices" of the germ v. In this way, a generic germ in V d,gen n+1 has exactly n singular separatrices (each of them is a semicubic parabola). and its blow up for n = 3
Theorem 2.2. Any germ v ∈ VR is strictly formally equivalent to a formal vector field v a,b,δ , a = (a 1 , . . . , a n ),
where a j , b j , j = 1, . . . , n are formal power series with zero 1-jet and δ is a homogeneus polynomial of variables x, y of degree n. Moreover, if the germ v is generic and
, and a j,2 = b j,2 , j = 1, . . . , n. With this generic condition the formal normal form is unique.
Theorem 2.3. Any generic germ v ∈ VR is strictly formally orbitally equivalent to a formal vector field v a,c , a = (a 1 , . . . , a n ), c = (c i,2 , c j,k ) i=1,...,n; 3 k j n , where
and where c j,k ∈ C, c j,2 = 0, j = 1, . . . , n.
2.3. Main statements. For n = 1, that is, for the case where there is only one singular separatrix, the formal normal form (2.3) is
where c 1,2 ∈ C * , and a 1 (x) = O(x 2 ) is a formal series. By linear change of variables (and time), we can achieve u 1 = 1 and c 1,2 = 1. Thus, the normal form may be written in the form
where a(0) = 0, a ′ (0) = 1. The main goal of this work is to prove the following theorems:
2 is analytically orbitally equivalent to a vector field of the form (2.4) where a(x) is analytic in (C, 0) . Moreover, the analytic normal form (2.4) is unique.
In the general case (n > 1) a weaker statement takes place. 
where P, Q are polynomials of degree n in the y variable with analytic (on x) coefficients.
n+1 in Theorem 2.5 can be explained as follows: (P, Q) = (R + p, R + q), where R(x, y) = n j=1 (y − u j x), u i = u j for i = j, u i = 0, i, j = 1, . . . , n, and p, q are polynomials in y of degree less or equal to n, having the form
, where a k , b k , k = 1, . . . , n, are analytic functions.
(2) As we see, the formal normal form (2.3) has n formal functional moduli (and some numerical ones) and the "seminormal" form (2.5) has 2n+2 functional moduli (the coefficients of the polynomials P and Q). Of course, the changes of variables of the type (x, y) → (ϕ(x), yk(x)) and the multiplication by functions depending only on the x variable leave unchanged the form of the germ (2.5), and so, roughly speaking 2n − 1 free coefficients still stay. For n = 1, this allows to obtain Theorem 2.4 from Theorem 2.5; however, for n > 1 it is no longer possible to obtain (by this method) the form (2.3) from (2.5).
Remark 2.4. By rotation, we can reduce any dicritic germ of V d,gen n+1 to the form
∂ ∂y for some holomorphic germ f . For such germs, Loray's theorem [Lo4] can be applied to the corresponding 1-form:
and we obtain a form
where P 1 , Q 1 are polynomials in the y variable of degree less or equal to n + 2 with analytic (on x) coefficients. Such form depends on 2(n + 3) coefficients; five of them can be normalized (by Moebius transformations with respect to the y variable, and by changes of x-variable and multiplication). So, the direct application of Loray's theorem allows to obtain a seminormal form with 2n + 1 (functional) parameters. The seminormal form of Theorem 2.5 has (after performing the additional analogous normalization pointed above) 2 parameters less.
General Properties of Dicritic Foliations
In this section, following [ORV2] , we give a geometric description of the generic dicritic foliations and give their simplest properties.
Let v be a germ of class V d n+1 . For any n 1 the singular point (0, 0) ∈ C 2 of v is degenerated and for its study it is useful to look to its blow-up.
3.1. Blow-up B of (C 2 , (0, 0)). We recall that the blow-up of a point (0, 0) ∈ C 2 is the 2-dimensional complex manifold B obtained from the gluing of two copies of C 2 with coordinates (called standard charts) (x, u) and (v, y) by means of the map
The projection π : B → (C 2 , (0, 0)), given in the standard charts by π : (x, u) → (x, xu), π : (v, y) → (yv, y), will be also called standard projection. The sphere L := π −1 (0, 0) ≈ CP 1 obtained from the gluing of the regions {0} × C and C × {0} by means of φ| {0}×C * will be called the pasted sphere (or the exceptional divisor of the blow-up). The map π is holomorphic and its restriction π| B\L to the set B \ L is a biholomorphism whose inverse is denoted by σ: σ := (π| B\L ) −1 .
Blow-up of germs of vector fields in
As it is known, the liftinĝ v := σ * v of a germ of vector field v in V generates, in a neighborhood of the pasted sphere, a field of directions which extends to a holomorphic field of directionsṽ called the blow-up of v at zero (with a finite number of singularities on L, generally speaking).
Let v be a germ in V d n+1 . In (x, y)-coordinates, v has the form (2.1) and the blow-upṽ of v is given, in the standard charts, by the equations
(3.1)
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Let R m (x, y) = xQ m −yP m ,m = n+1, . . . . The condition of dicriticity R n+1 = 0 implies that P n+1 = xR, Q n+1 = yR, where the homogeneous polynomial R(x, y) = gcd(P n+1 , Q n+1 ) has degree n. Hence the quotients in (3.1) may be reduced (by x n+3 and y n+3 respectively). This means that the blow-upṽ extends, on the region of definition of the standard chart (x, u), to a field generated by the vector fieldṽ
In the same way, on the region of definition of the standard chart (v, y),ṽ extends to a field generated by the vector fieldṽ
n+1 . The genericity assumptions (considered in [ORV2] ) for a germ v ∈ V d n+1 in Theorems 2.1 and 2.3 are the following:
(1) The blow-upṽ of the germ v has no singular points on the pasted sphere.
(2) The field of directionsṽ has exactly n (distinct ) points of tangency with the pasted sphere.
, defined in paragraph 6 of Section 2.1, consists of germs v of (2.1) satisfying, in terms of the notations introduced above, the following genericity conditions:
(A) The polynomials r(u) and q(u) do not have common zeroes; the polynomial r(u), whose degree is exactly n, has exactly n distinct zeroes; r(0) = 0.
Thus, all the germs in V d,gen n+1 satisfy the genericity assumptions (1) and (2). Remark 3.1. The conditions deg r = n, r has exactly n distinct zeroes, imply that all the zeroes of r are simple. Moreover R(0, 1) = B − (0, 0) = 0.
Definition 3.1. Let u 1 , . . . , u n be the zeroes of the polynomial r: r(u j ) = 0, r ′ (u j ) = 0, j = 1, . . . , n. Let p j be the points with coordinates x = 0, u = u j , j = 1, . . . , n; these points will be called points of tangency of the fieldṽ with the pasted sphere L.
Properties of germs v in
n+1 . The expressions (3.2) and (3.3) for the generators v + , v − of the field of directionsṽ, together with the conditions of genericity (A) allows to obtain the following information of the foliation F v and its blow-upF v = Fṽ defined in a neighborhood of L ⊂ B.
1. All the points of the pasted sphere L are nonsingular forṽ (and forF v ). 2. From (3.2) and (3.3) we get that all the leaves of the foliationF v , except the n "singular ones", have transversal intersection with the sphere L; the singular leaves have a simple tangency with L at the points p j = (0, u j ) (the points of tangency).
Remark 3.2. We stress that the properties 1 and 2 and the condition u j = 0, ∞, j = 1, . . . , n are equivalent to the genericity assumptions (A) of 3.3. Therefore, by purely formal computations, we get the following properties:
3. The genericity assumptions given in (A) are invariant with respect to changes of coordinates with diagonal linear part.
4. From the second property (using the projection π) follows that for any "nonsingular" direction ℓ u = {y/x = u}, u ∈C, u = u j , there exists a unique phase curve L u of the vector field v, whose closure is a smooth analytic curve at 0 (with tangent direction ℓ u at zero). Each "singular" direction ℓ uj is in correspondence with the curve of the type of a semicubic parabola; it is tangent in its vertex (at zero) to the line ℓ uj . π ℓu, u = uj Lu ℓu j Figure 4 . ℓ u , u = u j is the tangent line of a regular separatrix L u of the foliation, and ℓ uj is tangent set of the singular separatrix of the foliation In particular, from the genericity assumption (A) follows that the directions ℓ 0 = {y = 0} and ℓ ∞ = {x = 0} are nonsingular. Thus, the phase curve L 0 of the vector field v corresponding to the direction ℓ 0 can be locally expressed by {y = α(x)}, where α is holomorphic at (C, 0), α(0) = α ′ (0) = 0. The change of coordinates H 0 : (x, y) → (x, y − α(x)) rectifies this curve, H 0 (L 0 ) = ℓ 0 and transforms the field v into a field v ′ having the line ℓ 0 as phase curve. We stress that the change H 0 has linear part equal to the identity and preserves the curve ℓ ∞ : H 0 (ℓ ∞ ) = ℓ ∞ . By repeating this arguments for the direction ℓ ∞ and the vector field v ′ we get (using the property 3) the following property:
n+1 is analytically equivalent to a generic germ in V d,gen n+1 , of the type (2.1), satisfying the normalizing conditions
Moreover, by multiplying v by a non zero constant (if needed), we may assume that
where R(x, y) = n j=1 (y − u j x). Let F x , F y be the auxiliary foliations of C 2 by the straight lines {x = const}, {y = const}, respectively. 6a. (On the set of tangencies between F v and F x .) For every v ∈ N d,gen n+1 , we can define a polydisk U = {|x| < ǫ, |y| < δ} such that the set T v,x of points in U * = U \ {(0, 0)} for which the foliation F v and F x are tangent, consists on n + 1 connected components: the punctured disk ℓ * ∞ = {x = 0, 0 < |y| < δ} and n smooth curves γ j , γ j = {y = α j (x), 0 < |x| < ǫ}, where α j are holomorphic functions in the disk {|x| < ǫ}, α j (0) = 0, α ′ j (0) = u j , j = 1, . . . , n. Moreover it has an explicit expression: Proof. The set of points of tangency consists on the zeroes of the function P (x, y) lying in U * . By (3.4), P (x, y) = xP (x, y) whereP (x, y) = R(x, y) + · · · Hence, the set T v,x contains the disk ℓ * ∞ and the zeroes of the functionP (x, y) lying in U * . AsP (0, y) = y n + · · · , it follows that the functionP (0, y) has exactly n zeroes (counted with multiplicity) in K δ = {|y| < δ} for some δ > 0. Therefore, by Rouche's theorem, there exists ǫ > 0 such that for any fixed x, 0 < |x| < ǫ, the functionP (x, y) has at K δ exactly n zeroes (counted with multiplicity). To describe such zeroes we look to the expression (3.2) of the generator v + in the standard charts (x, u). In these charts, the set of tangency points is defined by the equality
As B + (x, u) = r(u) + O(x), then at each point of tangency p j = (0, u j ) the equality (3.7) takes place. The condition ∂B+ ∂u (0, u j ) = r ′ (u j ) = 0 implies, by the implicit function theorem, that equation (3.7) has, in a neighborhood of the point p j , a holomorphic solution u = β j (x), β j (0) = u j . By reducing, if needed, the value of ǫ, we get all the assertions on property 6 (for α j (x) = xβ j (x)), and by the residue theorem, we get (3.6) (for some small enough δ such that the disks {|u − u j | δ}, j = 1, . . . , n, have not mutual intersections).
The set of tangencies T v,y between F v and F y is defined analogously: 6b. (On the set of tangencies between F v and F y .) For every v ∈ N d,gen n+1 , we can define a polydisk U = {|x| < ǫ, |y| < δ} such that the set T v,y of points in U * = U \ {(0, 0)} for which the foliations F v and F y are tangent, consists on n + 1 connected components: the punctured disk ℓ * 0 = {y = 0, 0 < |x| < ǫ} and n smooth curves η j , η j = {y = (θ j ) −1 (x), 0 < |x| < ǫ}, where θ −1 j are holomorphic functions in the disk {|x| < ǫ}, θ j (0) = 0, θ ′ j (0) = u j , j = 1, . . . , n (see Fig. 6 ). Moreover,
for some small enough δ. Remark 3.4. The choice of δ in the proof of the property 6a was only needed to achieve the condition:P (0, y) = y n + · · · is analytic in {|y| δ} and has a unique zero (of multiplicity equal to n) on the disk.
7. In a neighborhood of the point (v = 0, y = 0) ∈ B there exists a local holomorphism G : (v, y) → (g(v, y), y) which is the identity in the straight lines {v = 0} and {y = 0} and transforms the leaves of the foliationF v to the straight lines {v = const}.
Proof. In a neighborhood of (v, y) = (0, 0) the leaves of the foliationF v are the integral curves of the differential equation 
− is the desired holomorphism. Namely, G − | y=0 = id, and from (3.4) it follows that A − (0, y) ≡ 0, hence, G − (0, y) = (0, y). The existence of the inverse and the analyticity of G − follows now clearly.
Remark 3.5. The constructed diffeomorphism is in this way the rectifying diffeomorphism of the classical rectifying theorem for vector fields at a nonsingular point.
Remark 3.6. To be precise, the property 7 is a particular case of a well-known general principle: in a neighborhood of a point of transversal intersection of the leaves of two foliations one may rectify both foliations simultaneously. Namely (in the two dimensional case), the leaves of the foliations define the needed coordinate grid in a neighborhood of the point (see Fig. 7 ). Remark 3.7. We can give a more explicit expression for the component g of G. Namely, from (3.3) and (3.5) we get that C − (v, y) = vp(y)+O(v 2 ), for v → 0, where p is a holomorphic function in a neighborhood of zero. By solving the equation of variations with respect to the initial conditions corresponding to (3.8), we get
From property 7 follows:
n+1 , there exist constants ǫ 0 , δ 0 > 0 and a diffeomorphism F : U → F (U) defined in the sector U = U ǫ0,δ0 = {|y| < δ 0 , |x| < ǫ 0 |y|}, such that F is the identity in the punctured disk {x = 0, 0 < |y| < ǫ 0 } and (1) F transforms the straight lines x y = const to the leaves of the foliation F v ; (2) F leaves invariant the lines {y = const}.
Proof. The needed diffeomorphism is just the diffeomorphism G − (defined in 7 as the inverse of the diffeomorphism G) written in the charts (x, y): Figure 8 . Construction of diffeomorphism F Remark 3.8. The following asymptotic formula for F follows from (3.9)
where α is a nonvanishing holomorphic function in |y| δ 0 (see Remark 3.7 for its definition), α(0) = 1.
Loray's Construction for Dicritical Germs (Proof of Theorem 2.5)
In this section we prove the Theorem 2.5. To achieve the proof we use the construction introduced by F. Loray in [Lo2] ; such construction for a dicritic germ v ∈ N d,gen n+1 looks as follows: By the property 8 in Section 3.4, the leaf ℓ * ∞ (of the foliation F v of the neighborhood U * of zero) is a punctured disk with trivial holonomy. Hence, in the neighborhood U of an annulus contained in ℓ * ∞ the foliation F v can be "trivialized" (transformed to the standard form F − := F x | Ψ(U) ) by means of the holomorphism Ψ (see Fig. 9 ). The standard foliation F − extends to a wider domain U − which contains the region Ψ(U) (see Fig. 9 ). Gluing the regions U + and U − by means of Ψ we obtain a complex manifold M. This manifold is a neighborhood of the sphere L M ≃ CP 1 (it is obtained by gluing the disk ℓ * ∞ with some disk ℓ − ⊂ U − ). We prove that the self-intersection index of such sphere is equal to zero. Then, by Savelyev's theorem M is biholomorphically equivalent to the direct product (C, 0) × CP 1 . On M there is a global foliation F M v (it is obtained from foliation F v and F − under the gluing Ψ). It is a well-known fact that there are very few global foliations on (C, 0) × CP 1 : they are all generated by polynomial (with respect to the variable y ∈ CP 1 ) vector fields. Estimating as in [Lo2] the degree of the component of the vector field defining F M v , we obtain (after a few complementary precisions) the normal form (2.5) for this vector field.
The glued manifold M and the foliations F
be the sectorial region defined in Section 3, property 8, for the germ v ∈ N d,gen n+1 . Let R, R ′ , r, ǫ, ǫ ′ be positive numbers such that r < R < R ′ < δ 0 , ǫ ′ < ǫ < rδ 0 . Let us consider the polydisks U + = {(x, y) ∈ C 2 ; |x| < ǫ ′ , |y| < R}, U − = {(x, y) ∈ C × CP 1 ; |x| < ǫ, |y| > r}. Then their intersection
is an annulus-like region. Let F be the diffeomorphism defined in the property 8 and Ψ be its restriction to an annulus-like region {|x| < ǫ, r < |y| < R ′ } =: U ′ . Let M be the topological space constructed from the regions U + and U − by gluing both regions by Ψ. Figure 9 . Glued manifold M Lemma 4.1. The topological space M is Hausdorff for ǫ ′ small enough and fixed parameters R, R ′ , r and ǫ.
Proof. As F = id on the annulus {x = 0} ∩Ū ′ , then, for small enough ǫ ′ the following condition is satisfied
This condition implies that M is Hausforff.
Corollary 4.1. M is a complex manifold.
Proof. M is a Hausdorff manifold and the natural charts of the glued space define a complex structure on M. Let M ± be a part of M obtained from the points of region U ± , and (x, y) ± : M ± → U ± be a natural chart on M ± . The glued sphere (and a parameter y on it) is defined, in the natural charts (x, y) + = (x + , y + ) and (x, y) − = (x − , y − ), by the equalities x + = 0, y = y + and x − = 0, y = y − ; the parameter y on L M is well defined as Ψ(0, y) = (0, y) i. e. y + = y − on L M . It is convenient to use in the region U − the coordinates (x, z = y −1 ), |x| < ǫ, |z| < r −1 . In such region, let us consider the foliation F M − defined by the level curves {xz = const} of the function xz. This holomorphic foliation of U − has a unique singular point (x = 0, z = 0) and it is generated by the linear vector field
We stress that (by property 8) as v = x/y = xz the gluing transformation Ψ transforms leaves of the foliation F v into the leaves of the foliation F Proof. We attain the proof in several steps. Firstly, we proof that L M has 0-self-intersection index in M. This property on M allows to give, by Savelyev's theorem (see [Sa] ), a biholomorphismH from a neighborhood of the sphere L M to the product (C, 0) × CP 1 . Then, we discuss some asymptotic properties ofH and, finally, slight modifications ofH will be performed to achieve the construction of the biholomorphism H having the property of transforming the foliation F M y into F y .
1. We begin by proving the following lemma:
Proof. To prove the lemma we use Camacho-Sad's index theorem (see [CS] ). To wit, the index at zero of the vector field v = P ∂ ∂x +Q ∂ ∂y with respect to its invariant submanifold {x = 0} is given by
Moreover, the index at zero of the vector field v 0 (x, y) in (4.1) with respect to its invariant submanifold {x = 0} is
The sum of both residues is zero, and so, from the property 1 in Section 4.1 it follows that this sum coincides, by Camacho-Sad's theorem, with the self-intersection index of 1 . LetM ± be the part of the domain of definition ofH lying in region of definition M ± of the natural charts (x, y) ± of the manifold M and let us write the holomorphismH in the natural charts (x, y) ± asφ ± :
The gluing transformation Ψ is the transition function from the charts (x, y) − to the charts (x, y) + , therefore, the following equality takes place:
Lemma 4.3. The holomorphismH may be defined such that the following asymptotic equalities hold:φ
for x → 0, where α is the non vanishing function given in Remark 3.7 in Section 3.4, α(0) = 1.
Proof. By assumption,H transforms the sphere L M into the sphere L 0 = {0} × C. Hence, we may assume (by multiplyingH on the left by a Moebius transformation) thatH transforms the point (0, y) on the sphere L M to the point of the sphere L 0 having the same coordinates. This means that the transformationφ ± is the identity on the line {x = 0}, and so, it can be written as
with nonvanishing holomorphic functions α ± , α ± (0) = 1. The substitution of the expressions on (4.2) and the use of (3.10) (we recall that Ψ is the restriction of F ) gives
Hence, α − (y) = α + (y)α(y). The left hand side of this equality denotes a holomorphic function in the disk {r < |y| ∞} and the right hand side represents a holomorphic function in the disk {|y| < R}, r < R. Therefore, by Liouville's theorem, α + α ≡ α − ≡ c for some c ∈ C * . By multiplying by c −1 the first component of H we get, a different holomorphism which satisfies (from (4.4)), the equality (4.3). For sake of simplicity we shal denote again byH such holomorphism. Lemma 4.3 is proved.
3. LetF y be the image of the foliation F M y under the transformationH. Theñ F y is a nonsingular foliation of the manifold M 0 , transversal to the sphere L 0 = {0} × CP 1 . We denote byỸ q the leaf of the foliationF y at the point (0, q) of L 0 . Let F x be the foliation of M 0 by spheres L c = {c} × CP 1 , c ∈ (C, 0). AsF y has transversal intersection with the sphere L 0 , then for small enough c,F y intersects transversally all the spheres L c (see Fig. 11 ).
The pair of globally defined foliations F x ,F y gives a globally defined coordinate system in a neighborhood of the sphere L 0 (see Remark 3.7 in Section 3.4): the coordinates (x(m), y(m)) of a point m = L c ∩ Y q will be (c, q). Let us consider the transformation H 1 : M 0 → M 0 , which associates to each point m the point (x(m), y(m)). H 1 is a biholomorphism of a neighborhood of L 0 in M 0 to a neighborhood of L 0 in M 0 . Moreover, H 1 leaves invariant each sphere L c and rectifies the foliationF y (H 1 transforms the foliationF y to the foliation F y = {y = const}). By performing an additional change of coordinates of the form H 2 : (x, y) → λx, λ ay+b cy+d , a, b, c, d, λ ∈ C, ad−bc = 1, which maps the pointsĤ(x + = 0, y + = 0),
, respectively, and taking λ such that dH 2 •Ĥ| (x+=0,y+=0) = id, we get, by defining H as H := H 2 • H 1 •H, that H satisfies, the second part of Proposition 4.1. Remark 4.1. From the proof of Proposition 4.1 it turns that, for expressions
± of the diffeomorphism H in the natural charts, the equalities (4.3) from Lemma 4.3 may be writen as
4.3. Foliation F M and its generating vector fields (end of the proof of Theorem 2.5). Let H be the diffeomorphism from Proposition 4.1 in Section 4.2; without loss of generality we may assume that H is defined in all the glued manifold M (this can be achieved by reducing the parameters ǫ and ǫ ′ in Section 4.1). Let F be the image of the foliation F M under H. F is a foliation defined in a neighborhood
F M is generated, in the natural chart (x, y) + ∈ U + , by the vector field v and, in the natural chart (x, y) − ∈ U − by the vector fieldṽ 0 (x, y) = x ∂ ∂x + y ∂ ∂y (ṽ 0 is the vector field v 0 in (4.1) written in coordinates (x, y)). Therefore, F is generated in the respective regions by the vector fields v + (the image of v under φ + ) and v − (the image ofṽ 0 under φ − ). Our goal is to prove that the vector field v + is, after multiplication by a non vanishing function, the quasinormal form from Theorem 2.5.
. From (4.1) and (4.5) follows that
where P − (x, y) is a holomorphic function defined in the polydisk V − = {|x| ǫ 1 , r 1 |y| ∞} (r 1 ∈ (r, R) may be chosen arbitrarily and ǫ 1 < ǫ small enough).
∂y where P (x, y) = x(R(x, y)+· · · ), Q(x, y) = y(R(x, y) + · · · ) and the multiple dots denote the homogeneous term of degree greater than n. As R(0, y) = y n , P and Q may be expressed as
where a(y) = y n + · · · , b(y) = y n + · · · are holomorphic functions in a neighborhood of zero.
From (4.7) and (4.5b) follows, by straight-forward computations, that
(4.8)
Here P + is a holomorphic function on the polydisk V + = {|x| ǫ 2 , |y| R 1 } (R 1 ∈ (r 1 , R) may be chosen arbitrarily and ǫ 2 < ǫ 1 small enough).
The vector fields v + and v − generate, on the common domain of definition, the same foliation. Therefore, Q+ P+ and Q− P− coincide (at those points where they are both defined).
From (4.6) and (4.8) follows that P ± factorizes by x and Q ± by y: P ± (x, y) = xP ± (x, y), Q ± (x, y) = yQ ± (x, y), whereP ± ,Q ± are holomorphic functions in V ± . Therefore, the quotientsQ
Thus, there is a well-defined "meromorphic" function D which coincides with this quotients in their respective regions of definition. We give below a precise description.
It turns out that the functionP − has no zeroes in V − if the parameter ǫ 1 is small enough. Moreover, from (4.6) follows that for any fixed and small enough x the limit lim
exists, and d(0) = 1.
We pass now to describe the set of zeroes of P ± (x, y). These zeroes are exactly the points of tangency of the foliation F with the foliation {x = const}. We recall that v + belongs to the class N d,gen n+1 and the points of tangency for such vector fields were already described in the property 6 in Section 3.4. It is true that such description was valid for a polydisk {|y| < δ, |x| < ǫ} where the parameter δ was fixed and the parameter ǫ was an arbitrary small enough positive number (see Remark 3.3 related to the property 6 in Section 3.4). The fixed parameter δ depends on the functionP (0, y). But in accordance to (4.8),
where α is a nonvanishing function and a, b depend on the initial vector field v. Therefore, by choosing the parameters r, R in Section 4.1, we may provide the inequality R < δ to take place from the very beginning. The set of tangencies {P + = 0} is precisely described in Section 3.4, properties 6a, 6b: it consists on the graphics of the smooth curves {y = α j (x), 0 < |x| < ǫ}, where ǫ is small and α j is holomorphic in a disk {|x| < ǫ}. Moreover, for fixed x = 0, all the zeroes of the functionP + (x, y) are simple. Hence, for a fixed small x = 0, if we define W (x, y) = n j=1 (y − α j (x)), all the points y = α j (x) in ∆ :=P (x,y) W (x,y) are removable: from (4.10) follows that for fixed y, the limit lim x→0 ∆(x, y) = 1. Therefore, by the theorem of removable singularities [Sha] , the function ∆(x, y) extends to a nonvanishing holomorphic function in the whole polydisk V + .
Remark 4.2. This means that W is a Weierstrass polynomial for the functioñ P . Unfortunately, the direct application of the corresponding division theorem is not suitable to our aims: we need to work in a polydisk with one fixed dimension. Hence we actually gave the corresponding part of the classic proof.
In this way we get for the function D the representation
For fixed x = 0, let
From (4.3) follows that
In the property 6 of Section 3.4 we proved that α s (x) = xu s + O(x 2 ), where all the u s , s = 1, . . . , n, are different. But ∆ = 0, andQ(x, α j (x)) = O(x n+1 ). Therefore, the functions β j (x) are holomorphic on (C, 0) and β j (x) = O(x 2 ) for x → 0.
It remains to put all this information together. The function D(x, y) has, for any small fixed x = 0, simple poles at the points y = α j (x) with residues β j (x) and has limit value d(x) for y → ∞. Therefore, D is a rational (in y) function:
where d(0) = 1. The previous equality was obtained for x = 0 but, by continuity, it holds on the straight line {x = 0}. Thus,
.
By taking common divisor on the quotient of the right hand side of the previous equality we get Q+(x,y) P+(x,y) = yQn(x,y) xPn(x,y) where P n and Q n are polynomials (on y) of degree n (with first homogeneous term R(x, y)). Hence, the vector field v + is proportional to the vector field v n (x, y) = xP n (x, y) ∂ ∂x + y Q n (x, y) ∂ ∂y . Therefore, the vector field v n is orbitally equivalent to the vector field v. Theorem 2.5 is proved.
Proof of Theorem 2.4
In this section we prove Theorem 2.4. To this aim we use the seminormal form obtained in Theorem 2.5 for vector fields in N d,gen 2 . Namely, let v ∈ N d,gen 2 be a partially normalized generic dicritic germ (see Definition 3.2 in Section 3.4, property 6). From Theorem 2.5 we can suppose that the vector field v has the form
where the holomorphic functions f (x, y) = A(x) + yB(x) and g(x, y) = y C(x) + y 2 D(x) can be written as f (x, y) = x(y − x) + · · · and g(x, y) = y(y − x) + · · · . It follows that D(0) = 1; hence, by dividing (if needed) by D, we can assume that
By the genericity condition (A), for n = 1, for the polynomials r(u) and q(u) we have: r(u) = u − 1 and q(u) = R 3 (1, u) = [C 2 x 3 y − y(A 3 x 3 + B 2 x 2 y)] x=1,y=u do not have common zeros, i. e.
We note that the form (5.1) of our vector field v is invariant by changes of coordinates H of the form:
and by multiplication by holomorphic germs λ(x) of the form λ(x) = 1 + · · · .
In Proposition 5.1 we give necessary and sufficient conditions for the existence of a change of coordinates H and a holomorphic germ λ(x) as above conjugating two holomorphic germs of the form (5.1). Further, we will prove that for any germ v ∈ N d,gen n+1 Proposition 5.1 takes place. This implies the existence of an analytic change of coordinates taking the germ v to its analytic normal form. Then, the following system of equations must be satisfied:
(5.5)
Moreover, inverse assertion also is true.
Proof. In fact, equation ( 
(5.6)
The equalities (1)- (4) are analytically equivalent.
Proof. In this case, we defineÃ(x) = −xa(x),B(x) = x,C = −a(x) + x 2 , where a is an unknown function such that a(0) = 0, a ′ (0) = 1, and consider the vector field w as w = (Ã +By) ∂ ∂x + (Cy + y 2 ) ∂ ∂y . We will prove that the corresponding system (5.5) has unique analytic solutions ϕ, κ, λ, a such that ϕ(0) = 0, ϕ ′ (0) = µ = 0, κ(0) = µ, λ(0) = 1, a(0) = 0, a ′ (0) = 1. The system (5.5) is in this case:
(5.8)
Substituting (2) in (1) and solving a • ϕ we get:
From this equality and equalities (3) and (4) we get 
(5.11)
By substituting a(x) = −xα(x), where α(0) = −1, last system takes the form
Ln κ ϕ Substituting this expression for k(x) in the equality (3) of (5.12) we get the differential equation:
As (BC − A)(x) = (A 3 + B 2 − C 2 )x 3 + · · · , where A 3 + B 2 − C 2 = 0 (see (5.3)) and B(x) = x + · · · , the right side of the last equation extends analytically to zero and we get that So, ϕ(0) = 0, ϕ ′ (0) = A 3 + B 2 − C 2 =: µ and therefore κ(0) = µ. Substituting κ and ϕ in the equalities (1) and (2) we get λ and α, and a(x) := −xα(x) which satisfy the conditions of the proposition. Proposition 5.2 is proved.
The proof of Theorem 2.4 is a direct consequence of Proposition 5.2. Theorem 2.4 is proved.
